LECTURE NOTES 2-4: THE PRECISE DEFINITION OF THE LIMIT
List our present strategies for determining lim f(x), if it exists.

o Pluzl%'ms in numheis . . Mg‘mj He Smpk

o ]Asiy\s limi+ laws

What are some of the weaknesses in these approaches?

o lejﬁihﬂ i 4 on|3 5;\/!3 an ﬁPP)'ox'nmd}ah

o limH laws onlj awl:j-lo Lamiliar -Qanol'long, rlqo/g/-_/y ",)olgS' N
m‘l’;bhdl -pu_hc,-l-;ohs'

e Experience the precise (or formal) definition of the limit.

¢ Confirm student intuition that there is a lot going on when evaluating limits that may not be crystal
clear!)

e “Look under the hood” of the mathematics used in Calculus (& Differential Equations).

| PRACTICE PROBLEMS:

1. Graph the region of the xy-plane satisfying each of the inequalities below.
|z —3| <1 |z — 3| <1/2 ly—1] < 1/3

4

\
N
|

—_—

|\-| L

© o
IS
|
N
|
-
o
IS

-

|.
|
|
|
|
(
I
[}
'
{

- — —— — —

|
|
i
|

-—
|
N

—2 o ¥

2. Graph the region of the xy-plane satisfying the inequality |z — a| < c.

*ln words: ﬁ ,' :
all points guch +hat ) :
+Hrow %- coordinate 15 within - -" 4 :
. L H " 7
C-umnds of x-value & Ia,¢ o @c X

3. Re-write the expression |x — a| < c using interval notation. i ;
dimcH\i from pidune |[ Using “ljdom‘

I)(..Ql((: maand -C < X-a<kC .

o-0 <X <ot

Se 0-C < v <+
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4 Let f(z) =3z + 1.

(a) Graph f(z). |
!
10 p—

e are now going to switch our point of
| / view so READ CAREFULLY! Assume you
} must “hit a target” in the range. Specifi-

|
|
\ cally, assume you need the output of the
J function to lie in the region |y — 7| < 1, how

7 8’_:’ ————— would you need to restrict your domain? Is
(R g | your answer UNIQUE? Give you final an-
vd ‘ swer in the form |z —a| < ¢, for some a and

C

‘3:(._—-7«:—?: s 5-‘—8.:7 ><=._—‘%-£

" ey ——————>
~1 1 2 13 4 I
/ t S d 5 4 x—zl <3
\ \ o We mne 2 <</ eor
J | %y 3 > | 3
(b)) If the domain of f(x) is restricted to 'wr\'\ptl-? Nol Any inlerval within the Pihk
-2 <1, one wenld Wit Mo largeh The one., for

example would work. “Nete o smaller mbevval
what would the range of f(z) be? Sketch will net C6VER complelely +Hhe darget.
the intervals representing domain and (e) Repeat the previous question but replace

range on the graph. the target interval |y — 7| < 1 with |y — 7| <
Pickurt ulﬁz)oro: i N
._,<,:1410 l<xed = 343x<9 _—_14;';;%=3x+\ 5' s =70 = 2%+
(c) )If the domain of f(x) is restricted to o —l, l
= —
1 30
—9l <« =
o =2 <,

(f) Repeat the previous question but replace
the target interval with |y — 7| < €, where €
is some unknown but fixed positive num-
ber. (Note the symbol € is called epsilon
and in mathematics is very nearly always
used to represent some really small posi-

what would the range of f(x) be? Sketch
the intervals representing domain and
range on the graph.

(x—2\<$5 ™eans -_;_.<x_2<_l_

q T tive number, 0.0000001, for example.)
M 1£ u= F+g = 3xal, +h b+t g
5 5 Y= F+L = 3xrl, then Xz 228 =245 -
Now . Hu=F-z-3x|, Hhan x=0b-2_, &
° —q—<x<% i lieS e ’ e
e £
Se 2 /3-<x4,24—3 or IX’—Z)4:§
Z(3x< 32 which implies
8
.3_2— < 3xx|l< =
5
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‘ THE PRECISE DEFINITION OF THE LIMIT: ‘

We say lim f(l‘) = L, if for every number e > 0, there exists a number § > 0 such
Tr—a _—

that

if0 < |z —al <9, then|f(z) — L| <e.
- //7 £0x)
I prd /
=~ HE\/ ﬂ‘aveha-lw:yk: M—L}<5_)

/ . we fund on mterval Cor Hre domain o

/)

y, 8o +Hrat Hhe fun ction sends sur

Indo Hhe —H"Yﬂ"‘l'.
7.

5. Use the precise definition of the limit to show lil’% 3r+ 1=
T—

O Given £70, pick §= 4. - SHepl) Pick S
@ Assume \y-zl Z %:S e——%h&v@: Assume ,'x—aIAS

' 2 . STARTING with
LLL Obser\lb, £ ‘__é ¢ x-2 <& E’*/ S”"‘P | / 3our
3 aSSump}ronm@) Prbcea/ with +he

Hhen 2 - % 4L 22 + £ als&bm determined 53 +he (c]ivw

3
funckion o get b,
b g <3x<bHE §e Pack o g

F-¢< 3x+| £ F4g,,
So -5 « Yy < ++4 or l5—4|<a,

6. In words in'English, write down how to apply the precise definition of the limit. Assume you are

given a function, f(x) and an z-value a and asked to find lim f(x).

1, \&m—\»\—?-ﬁ e apeciio -Léj and & Y Part3, will %iu an interval Bor

You are qiven . ®, Pik S 4o Lall wHh in it
2. ﬁiswt out. what L s, 5. Now and Oy\l% Now , Sllow the,
3, Sek 4= L+e (and L—e> and ‘i’f:‘gteﬁud“m ntha
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